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Abstract: The recent progresses on the wobbling motion are briefly introduced. So far 17 wobbling candidates have 


been reported in odd- A and even-even nuclei that spread over A = 100, 130, 160, and 190 mass regions. The two- 


quasiparticle configuration wobbling in '°°Ba and the wobbling motion in a triaxial rotor are taken as examples in this 


paper to show the wobbling motion in even-even nuclei. The combination of covariant density functional theory and 


particle rotor model (CDFT+PRM) is a powerful theoretical method to study the wobbling motion. The time evolution 


of the wobbling motion is an interesting topic, from which the wobbling nature is intuitively revealed. 
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1 Recent progresses 


The nuclear wobbling mode, which is uniquely related 
to triaxiality of nuclear shape, has become an hot topic in re- 
cent years from both experimental and theoretical sides. It 
was first proposed by Bohr and Mottelson |" for a triaxial ro- 
tor, i.e., for an even-even nuclei without coupling quasiparti- 
cles and the only angular momentum in the system is the total 
angular momentum. The nucleus rotates around the principal 
axis having the largest moment of inertia, usually the inter- 
mediate axis, which executes harmonic oscillations about the 
space-fixed angular momentum vector. The expected energy 
spectra related to this motion are characterized by a series 
of rotational E2 bands corresponding to the different oscil- 
lation quanta (n). The transitions among them are AJ = 1 
transitions with dominant E2 character, since the wobbling 
is generated by the motion of the entire triaxial charge density 
with respect to the angular momentum vector. 

Although Bohr and Mottelson predicted this motion for 
even-even nuclei where no intrinsic angular momentum is 


involved, the phenomenon in this simple form has not been 
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experimentally confirmed yet. In contrast, the possible pres- 
ence of the angular momentum coming from the intrinsic sin- 
gle particle motion can in many ways make the nuclear wob- 
bling mode much richer in its structure and easier to been 
observed, e.g., in the odd-A mass nuclei. When the triax- 
ial rotor is coupled to a high-j valence particle, Frauendorf 
and Donau proposed that there are two kinds of wobbling 
modes, namely, longitudinal wobbling (LW) and transverse 
wobbling (TW)!. The longitudinal wobbling refers to that 
the angular momentum of the high-j valence particles is par- 
allel to the principal axis with the largest moment of inertia, 
while the transverse wobble the angular momentum of the 
high-j valence particles perpendicular to the principal axis 
with the largest moment of inertia. Very recently, Chen and 
Frauendorf further proposed a more comprehensive classifi- 
cation for the wobbling motion based on the topology of the 
classical orbits visualized by the corresponding spin coher- 
ent state (SCS) maps"!: LW corresponds to a revolution of 
total angular momentum J around the axis with the largest 
moment of inertia and TW corresponds to a revolution of J 
around an axis perpendicular to the axis with the largest mo- 
ment of inertia. The salient experimental criteria for TW and 
LW are manifested on the excitation energy and the E2 tran- 
sition. The excitation energy of the LW (TW) states increases 
(decreases) with increasing angular momentum. Both TW 
and LW have enhanced I — I — 1 E2 transitions between 
adjacent wobbling bands. 


The reported wobbling candidates in the nuclear chart 
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Fig. 1 (Color online) Reported wobbling candidates are spread 


over the A = 100, 130, 160, and 190 mass regions. 


up to now are summarized in Fig. 1. Most of them are in 
odd-proton nuclei, including 1610 yl4l 163p y [56] 165p l], 
1671 y [8], 167Ta P1, and P'EuU? in A œ 160 mass re- 
gion, 135PrQl121 133p a031, 130g, 11-15]. 127x161. 133BaU7]， 
and PéNdU3! in the A ~ 130 mass region. Of which 
the '*>Pr is the first observation of transverse wobbling at 
low deformation!''-!?! and the 130Ba is the first example 
of two-quasiparticle wobbling bands in an even-even nu- 


cleus [1415-19] 


. In the heavier A ~ 190 mass region, the can- 
didates are !5" Au?! and "Aul", In the lighter A ~ 100 
mass region, there is only one candidate Pd with odd neu- 
tron number N = 59, which had been suggested as TW and 
the first nucleus that the wobbling excited state is based on 
a quasi-neutron configuration "?!. One is aware of that some 
of these suggested wobblers remain controversial ???9l. 
Theoretically, the triaxial rotor model"?! or par- 
ticle rotor model (PRM)P?:532391 and its approxima- 
tion solutions based on the angular momentum coherent 
states ?7??l. the cranking model plus random phase approxi- 
mation (RPA) 42], the collective Hamiltonian based on ti- 


tled axis cranking model 2-4! 


, aS well as the project shell 
model 94561 have been developed to study the wobbling 
motion. In particular, the combination of quantal PRM and 
the state-of-art covariant density functional theory (CDFT) 
(abbreviate as CDFT+PRM)"47“9! have been used to de- 
scribe the wobbling candidates reported in the '°Pd'), 
130Ba0l5]， 187 Ay (201 and ! Au P", Tn this framework, the 
adiabatic and configuration fixed constraint triaxial CDFT 
calculations are first carried out to obtain the potential energy 
surfaces in the 1-y, the potential energy curves along the f di- 
rection, as well as the single-particle energy levels to analyze 
the possible existence of the configuration and deformation 
parameters. The obtained configuration and deformation pa- 


rameters are then input to the PRM to calculate the energy 


spectra, the electromagnetic transition probabilities, as well 
as the angular momentum geometries of the wobbling mo- 
tion. The underlying physics of the observed rotational bands 
can be eventually revealed. 

As mentioned before, the evidence for wobbling in even- 
even nuclei is fragmentary. In this proceeding we will present 
some brief results on the wobbling motion in an even-even 
nucleus. It contains two parts. One is the wobbling motion 
in a two-quasiparticle configuration, and the other one is the 


time-evolution of wobbling motion for a triaxial rotor. 


2 Two-quasiparticle wobbling 


In the following, we take the two-quasiparticle wob- 
bling candidate 130Ba as an example to show the calculations 
within the CDFT+PRM approach. 

As mentioned, the 133 Ba is the first example of 
the two-quasiparticle wobbling bands in an even-even nu- 


[14-15,19] 


cleus . The calculated energy spectra by the PRM in 


comparison with the experimental has been given in Ref. !?!. 
Here we show the potential energy curve as a function of de- 
formation f in Fig. 2 obtained by the adiabatic and config- 
uration fixed constraint triaxial CDFT calculations. In the 
calculations, the effective interaction PC-PK1 [50] was used, 
while the pairing correlations were neglected for simplic- 
ity. The Dirac equation was solved employing a spherical 
harmonic oscillator basis with 12 major shells. The adi- 
abatic constrained CDFT calculation is to solve the Dirac 
equation by filling the protons and neutrons into the single- 
particle energy levels according to their energies from the 
bottom of the well. During the constrained calculations for 
the given deformation f, the triaxial deformation is automat- 
ically obtained by minimizing the energy. The configura- 
tion fixed constrained calculation requires that the occupied 
single-particle orbits are fixed during the constrained calcu- 
lation with |($;(f + 08)19;(8))| ~ 1 [47] (in practical calcula- 
tions the overlap is set as > 0.90). One sees clearly from 
Fig. 2 that the advantages of the configuration fixed con- 
strained calculations is that the continuous and smooth en- 
ergy curves and the unambiguous local minima for each con- 
figuration are yielded in comparison with the irregularities of 
energy curve in adiabatic constrained calculations. 

The ground state (labeled as “A” in Fig. 2) deformation 
of "?Ba is (f, y) = (0.23, 13.9"). There are several local min- 
ima in the potential energy curve, in which the protons and 


neutrons are also zero-quasiparticle configuration. To find 
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Fig.2 (Color online) The potential energy as a function of defor- 
mation f in adiabatic (open circles) and configuration-fixed 
(lines) constrained triaxial CDFT calculations with the PC- 
PK1 effective interaction for 3°Ba. The local minima in 
the energy surfaces for fixed configuration are represented 


as stars and labeled, respectively, as A-D and a. 


the configuration responsible for establishing the wobbling 
motion in '°Ba, we excited one paired protons to the hy, n 
orbit and do the configuration fixed calculations to obtain the 
excited configuration z(1h;,5)^ (labeled as “a” in Fig. 2). 
Definitely other excited configurations can be obtained in a 
similar way. They are used to describe the other observed 
rotational bands 04. The configuration x(1h11) has the de- 
formation (f, y) = (0.24, 21.5") and an excitation energy of 
3.13 MeV with respect to the ground state, which is compa- 
rable with the experimental excitation energy of 3.79 MeV 
of the J = 10h state of the yrast wobbling band". The 
obtained deformation parameters and configuration informa- 
tion are then input to the PRM to describe the experimental 
energy spectra, energy difference between the two bands, as 
well as the available electromagnetic transition probabilities 
B(M1),,,,/B(E2);, and B(E2),,,/B(E2),,°!!. One finds that 
in comparison with TW in odd-A nuclei, the mixing ratios 
6 = (E2),,,/(M1),,, in the ??Ba are in fact small. This 


is attributed to the fact that one more high-j quasiparticle 


out out’ 


out 


is involved in the two-quasiparticle configuration, which en- 
larges the M1 matrix elements. This is a characteristic for 
the two-quasiparticle wobbling motion. The detailed anal- 
ysis of the angular momentum geometry demonstrates the 
much more stable TW character of the excited bands in "?Ba 
than those in odd-A nuclei", since the two-quasiparticle 
can have much larger alignment along the short axis. The 


detail results can be found in Ref. Pl, 


The success of the CDFT+PRM on the study of the two- 


quasiparticle wobbling motion in ??BaP!! has motivated 
the project shell model to study the wobbling in ??pa U?! 
and 130Nd [46] | the collective Hamiltonian constructed from 
a semiclassical treatment to study the wobbling in '*°Ba, 
134Ce, 36138N1321. as well as the experimental study on the 
wobbling in 236Nd081. More candidates of two-quasiparticle 
wobbling nuclei are expected on this or other mass regions. 
The related work along this direction is in progress ?!, It 
is also worth pointing out that the CDFT+PRM has also 
been applied successfully on the study of the nuclear chiral- 
ity 5465] and the single particle and collective motion in the 


light nuclei 66:67]. 


3 Time evolution study 


The CDFT+PRM provides a microscopic and quantal 
approach to study the wobbling motion. In the following, a 
classical view on the wobbling motion is provided by inves- 
tigating the time evolution of wobbling motion. To study the 
time evolution of wobbling motion, we start from the triaxial 


rotor Hamiltonian, which is written as"! 
22 


Ji 
Hrg = 2 oF, (1) 


=1,2,3 


where 5 are the components of the collective angular mo- 
mentum with respect to the principal axes of the rotor and 
J, the corresponding moments of inertia. Classically, the an- 
gular momentum components are expressed, in the spherical 
coordinate frame for a given spin value J, by the polar angle 


0 and azimuthal angle $ as 


J, = y I(I + 1)sin 0 cos ¢, 
J, = VI(I + l)sinOsin 9, 
J, = y I(I + 1)cos0. (2) 


Here, 0 is defined as the angle between J and the long (/) 
axis, and ¢ is the angle between the projection of J onto the 
short-intermediate (sm) plane and the s-axis. 

The orbits of the angular momentum on the unit angular 


momentum sphere are determined by the implicit equation"! 


2 
DEL 
= B® t V(9). (3) 
sin $ | cos?$ 
= 1) [一 一 十 一 一 一 4 
V() ra+ (Ses 2). (4) 


sin? cos? ) (5) 


1 1 
meee 23, 


which are obtained by the intersection lines between the 
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sphere of constant angular momentum J? = J i 十 万 十 J = 
I(I +1) and the ellipsoid of constant energy given in Eq. (1). 
According to the Euler equation for a classical rotor, the 


angular velocity tangential to the orbit is"! 


dl, dp\” /do 
irr (3) Ha = 
dp cop  sij$ 1 ) 
a V IU + 1)cos ( T, + T F)’ (7) 
2 = VITE Dsine ( $- + ) sin goose (8) 


where 6(¢#) can be derived from the Eq. (3) for a given energy 


value E,, i.e., 


2 
OE ao, -Y($). (9) 


Therefore, once the moment of inertia and the initial condi- 
tion of the triaxial rotor are known, the time evolution equa- 
tion Eqs. (7)-(8) can be solved. 
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Fig.3 (Color online) Upper panel: The orientation angles $ and 
0 as a function of time t at J = 8h obtained by solving 
the Euler equation Eq. (6). Lower panel: The correspond- 
ing angular momentum components along the intermediate 
(J,,), short (J,), and long (Jj) principal axis of the triaxial 


rotor as a function of t. 


In Fig. 3, an example of the orientation angles 0 and 
Q as well as the corresponding angular momentum compo- 


nents along the intermediate (J,,), short (J,), and long (Jj) 


principal axis of the triaxial rotor are shown as functions 
of t for given values of T = 8h and J, = 30 加 /MeV， 
J, = 10 A?/MeV, and J, = 5 h’/MeV. This system has 
been studied in the framework of triaxial rotor model?! and 
has been revealed as a good example to show the wobbling 
picture. The initial condition is chosen as (0 = z/2, ġ = 2), 
which corresponding to the lowest energy state orbit calcu- 
lated by (9) with E, = 1.616 MeV. The 0 and ¢ oscillate 
with respect to 0 = z/2 and $ = z/2, respectively. Corre- 
spondingly, the angular momentum aligns mainly along the 
m-axis with J,, & 8h. The J, and J, are small but not neg- 
ligible. They drive the rotational axis precess and wobble 
around the axis with the largest moment of inertia. All of 
these characteristic present the wobbling motion with respect 
to the m-axis. 

Both 0 and $ develop periodically with time with the 
same period of T = 7.5 h/MeV. The periodic characters are 
also seen for the angular momentum components. The pe- 
riod T will vary as the initial condition of (0, $) or say the 
excitation energy E. With a bit higher E, the T' increases. In 
particular, T' will becomes infinite when the initial condition 
is chosen as (0 = z/2, = 0), i.e., starting from the s-axis. 
Namely, the wobbling motion with respect to the s-axis (in- 
termediate moment of inertia axis) does not exist. It is worth 
pointing out that the time evolution picture will still maintain 
as spin increases. The corresponding wobbling amplitudes 
will become reduced gradually. More detailed results will be 


published elsewhere ©). 


4 Summary 


In summary, the recent progresses on the wobbling mo- 
tion are briefly introduced. So far 17 wobbling candidates 
have been reported in odd- A and even-even nuclei that spread 
over A & 100, 130, 160, and 190 mass regions. Various 
kinds of theoretical approach have been developed to study 
the wobbling motion. Of which the CDFT+PRM is a power- 
ful tool to study the wobbling motion. From the CDFT cal- 
culations, the possible existence of the configuration and de- 
formation parameters can be obtained in a microscopic man- 
ner. From the PRM calculations, the experimental spectro- 
scopic properties can be well described and the underlying 
physics can be explored in a fully quantal view. The two- 
quasiparticle configuration wobbling in "?Ba and the wob- 
bling motion in a triaxial rotor are taken as examples to show 


the wobbling motion in even-even nuclei. The time evolution 


. 4. 
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of the wobbling motion is an interesting topic, from which the 


wobbling nature is intuitively revealed. Further experimental 


and theoretical efforts on the wobbling motion are expected. 
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摘要 : 本 文 简要 介绍 了 摇摆 运动 的 近期 研究 进展 。 


目前 ， 在 质量 数 为 100、130、160、190 核 区 的 奇 4 核 与 偶 


偶 核 中 已 报导 了 17 个 摇摆 候选 核 。 本 文 以 ”Ba 中 的 两 准 粒 子 组 态 摇摆 及 三 轴 转 子 的 摇摆 运动 为 例 说 明 偶偶 
核 中 的 摇摆 和 运动。 基于 协 变 密度 泛 函 理论 与 粒子 转子 模型 (CDFT+PRM) 是 研究 摇摆 运动 强 有 力 的 理论 方法 。 
摇摆 运动 的 含 时 演化 问题 能 够 直观 地 揭示 摇摆 的 本 质 ， 值 得 深入 探究 。 
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